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Abstract
We study the underlying topology of gauge fields in 2+1 flavor QCD with
domain wall fermions on lattices of size 323×8, at and immediately above the
chiral crossover transition. Using valence overlap fermions with exact index
theorem, we focus on its zero modes for different choices of periodicity phases
along the temporal direction. Our studies show that the zero modes are due
to fractionally charged topological objects, the instanton-dyons. We further
provide qualitative study of the interactions between those and compare with
the available semi-classical results, finding remarkably accurate agreement in
all cases.
1. Introduction
Chiral symmetry breaking and confinement are two of the most striking
non-perturbative phenomena that explains the phase diagram of strongly
interacting matter described by Quantum Chromodynamics (QCD). While
increasing evidences point to the fact that interacting topological objects in
QCD – monopoles, instantons, instanton-dyons are driving the corresponding
phase transitions, quantitative understanding of their exact role still require
a lot of work.
Historically, discussion of chiral symmetry breaking started from Nambu-
Jona-Lasinio (NJL) model [1], in which hypothetical strong attraction be-
tween fermions have been introduced. Based on analogy to theory of super-
conductivity, it explained formation of effective quark masses and massless
pions. Two decades later the instanton liquid model (ILM) [2] identified the
non-perturbative interaction with the instanton-induced ’t Hooft Lagrangian.
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Unlike the 4-fermion interaction in the NJL model, it is not always an attrac-
tive thus explicitly violating the UA(1) symmetry. The ILM also proposed
another view on the chiral symmetry breaking, related with collectivization
of the topological fermionic zero modes into the so called zero-mode zone.
Multiple numerical simulations of ensemble of interacting instantons were
done, for a review see [3], which were able to reproduce point-to-point corre-
lation functions corresponding to different mesons and baryons, known from
phenomenology and lattice studies.
Relating these developments to confinement, it was shown in Ref. [4, 5]
that the nonzero holonomy (or the average Polyakov loop which is the con-
finement order parameter) can split SU(Nc) instantons into Nc constituents,
known as instanton-dyons or instanton-monopoles. Henceforth we refer to
them as dyons for simplicity. Ensembles of dyons via semi-classical methods
were studied analytically [6, 7, 8, 9] as well as numerically [10, 11, 12]. These
works could reproduce both deconfinement and chiral phase transitions oc-
curring at the same temperature in Nc = 2 QCD, and also explain extra
phase transitions in beyond QCD theories with modified quark periodicity
phases by “jumps” of the zero modes, from one type of dyon to another.
Two important questions need to be addressed at this stage. Firstly
whether dyons exist in the QCD medium at finite temperature and sec-
ondly whether the topological properties of the QCD vacuum near the chi-
ral crossover transition can be indeed explained in terms of a semi-classical
theory of dyons. Non-perturbative nature of QCD adds to the enormous
complexity of these problems with a quantitative or even a qualitative first-
principles solution is extremely challenging. One of the early studies to ad-
dress the first issue was done by Gattringer [13] who used QCD Dirac operator
with a reasonably good chiral property on the lattice and two different tem-
poral periodicity conditions on SU(3) pure gauge configurations as a tool to
locate dyons. These results reported the existence of dyons in gauge theories
without fermions. Further lattice studies have been performed by Mueller-
Preussker, Ilgenfritz and collaborators [14, 15], along similar lines. Clusters of
topological fluctuations were identified using a local definition of topological
charge, from the eigenvectors of the valence Dirac operator with generalized
periodicity conditions. Observed correlation between the topological clusters
and local eigenvalues of the Polyakov loop provided further evidence for the
presence of dyons in QCD vacuum. However no non-perturbative studies,
either analytic or in lattice field theory have been carried out on clarifying
the possible existence of a semi-classical description of QCD vacuum near
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the deconfinement transition. Only recently, it has been established through
lattice studies that at very high temperatures deep in the deconfined phase,
the QCD vacuum can be described quite accurately in terms of a dilute gas
of instantons [16, 17, 18, 19, 20].
This Letter is aimed at a more detailed and comprehensive understand-
ing of the topological constituents of QCD with physical quark masses, near
the chiral crossover transition temperature Tc. In particular, it is the first
distinct attempt towards quantifying the density and interactions between
different species of dyons as a function of temperature. We use the so called
overlap Dirac operator [21, 22], a particular realization of fermions on the
lattice that has exact chiral symmetry, and therefore an exact index theo-
rem [23], as detailed in the next section. This allows us to unambiguously
identify the fermionic zero-modes and relate them to the underlying topolog-
ical structures in QCD. We track their location and space-time profiles, by
varying the temporal periodicity conditions for the overlap Dirac operator.
In the subsequent sections, we provide convincing evidence that the topo-
logical objects that we identify in QCD near Tc do indeed quite accurately
correspond to expectations from the semi-classical theory of dyons.
2. Methodology
The configurations used in this work are 2 + 1 flavor thermal QCD con-
figurations generated by the HotQCD collaboration [24] using Mo¨bious do-
main wall discretization [25, 26] for fermions and Iwasaki gauge action. The
Euclidean space-time torus (lattice) has Ns = 32 sites along the spatial di-
rections and Nτ = 8 sites along the temporal direction. The light and the
strange quark masses are chosen to be physical corresponding to pion mass
of 135 MeV. The typical spatial size of the lattice is ∼ 4 fm, about four times
the pion Compton wavelength. The temperature is defined by T = 1/(Nτa)
where a is the lattice spacing, ∼ 0.1 fm. These same configurations have
been previously used to calculate the chiral crossover transition temperature
Tc and investigate the UA(1) breaking [24]. The pseudo-critical temperature
was measured to be Tc = 155(9) MeV. The choice of Mo¨bius domain wall
fermions is crucial since it allows extremely accurate chiral symmetry on the
lattice; its residual breaking is of the order of ∼ 2 × 10−3. We have cho-
sen 13-14 statistically independent gauge configurations at each of the two
temperatures T/Tc ∼ 1.0, 1.08 respectively, where the expectation value of
the Polyakov loop is intermediate between zero and unity. We have specifi-
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cally selected configurations with topological charge |Qtop| = 1, the cleanest
set-up to study both zero and non-zero modes. Since the main aim of the
paper is to identify the topological objects generating these modes, rather
than calculating some average observables that require sampling of different
Q sectors, we think this choice is well justified.
Since the domain wall configurations have a small chiral symmetry break-
ing and does not satisfy an exact index theorem on the lattice, we used zero
modes of valence or probe overlap Dirac operator to detect the topological
structures of these configurations. The overlap operator is defined as D =
1−γ5sign(HW ) where the kernel of the sign function is HW = γ5(M−aDW ),
DW being the massless Wilson-Dirac operator. M is the domain wall height
which is chosen to be in the interval [0, 2) to simulate one massless quark
flavor on the lattice. Recall that the overlap operator satisfies the Ginsparg-
Wilson relation [27], γ5D
−1 + D−1γ5 = aγ5 defining the ’chiral invariance’
on a finite lattice. Furthermore it has an exact index theorem, even at fi-
nite lattice spacings [23] and hence its zero modes can be identified with the
topological objects of the underlying gauge configurations. We have ensured
that the overlap operator is implemented with good numerical precision. For
all the configurations we have studied, the Ginsparg-Wilson relation and the
sign function of the overlap operator was realized numerically with a precision
of 10−9 or lower.
2.1. Detecting the precise nature of the topological objects
This is done by varying temporal periodicity conditions for the probe
fermion fields. We remind that the expectation value of the SU(3) Polyakov
loop is described by three eigenvalues at spatial infinity, known as the “holon-
omy phases” µi, which divide the phase circle into 3 different sectors of an-
gular sizes νi = (µi+1 − µi)/(2pi) , i = 1, 2, 3. The masses of the three types
of dyons are proportional to νi and are called the M1, L and M2 dyons cor-
responding to ν1,2,3 respectively. For SU(3) color group these phases in the
confining phase are µ1 = 0, µ2 = 2pi/3, µ3 = 4pi/3 respectively, and there-
fore masses of all three types of dyons are the same. Since
∑
i νi = 1, the
sum of masses of three types of dyons makes the instanton action. Still the
Dirac operator should only have one zero-mode, per value of the topological
charge Q. This means that only one of the dyons actually has the zero-mode:
which one depends on the periodicity condition of the fermions on the Mat-
subara circle, ψf (τ + β) = e
iφψf (τ). Specifically, it is the dyon within the
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angular sector µi to µi+i to which the fermion phase φ belongs, that con-
tains the zero-mode. Now, if the topological constituents of the vacuum are
a set of calorons i.e. finite temperature instantons, changing φ would not
produce any changes in Dirac eigenstates. If on the other hand the vacuum
consists of independent dyons, one would see “jumps” as φ crosses µi and
moves from one angular sector to the next. Note that while fermion phases
φ are temperature independent, the holonomies µi move converging to zero
at high temperature; therefore such jumps should lead to phase transition at
a certain Tc.
In this work, the valence quark periodicity phases are chosen to be φ =
−pi/3, pi/3, pi, the latter corresponding to the usual anti-periodic Matsub-
ara periodicity condition. We then calculated the first 5 eigenvalues and
eigenvectors of the valence overlap Dirac operator on domain wall configura-
tions using the Kalkreuter-Simma Ritz algorithm [28]. The eigenvectors very
determined with good numerical accuracy such that the error on the corre-
sponding eigenvalues are < 0.1%. Our observables are two gauge invariant
quantities, the wavefunction density ρ(x) =
∑3
a=1
∑4
i=1 ψ
†
a,i(x)ψa,i(x) and
the chiral density ρ5(x) =
∑3
a=1
∑4
i,j=1 ψ
†
a,i(x)γ5(i,j)ψa,j(x), defined in terms
of the eigenvectors ψ of the overlap operator. In subsequent sections, by
studying space-time profiles of the zero modes and the “jumps” of their po-
sitions for different periodicity conditions, we will identify the presence of
dyons. The exact zero eigenmodes we study are well disentangled from the
higher modes, making them completely insensitive to any ultra-violet fluc-
tuations of the gauge fields. Furthermore, dyons are characterized by the
holonomies i.e eigenvalues of the Polyakov loop so their space profiles would
also have local lumps at the coordinates where we observe a peak in the
fermion zero modes. However the gauge observables are much more noisier
and require proper filtering of ultraviolet contamination, which is instead
done more efficiently using the fermionic observables. A more detailed study
on the robustness of our results with respect to different lattice artifacts can
be found in Ref. [29].
3. Results
As mentioned earlier, we focus on |Q| = 1 configurations, with one overlap
fermion zero-mode each, for 3 choices of the periodicity phase. The snap-
shots of the eigenvalue density ρ(x, y) along two spatial directions exemplified
in Fig. 1 provide extreme cases of well separated and strongly overlapping
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Figure 1: Wavefunction density ρ(x, y) of the overlap fermion zero-mode summed over the
temporal direction of three statistically independent QCD configurations at Tc (left panel)
and at T = 1.08 Tc (middle and right panels). The three different colors represent the
zero-modes at temporal periodicity phases φ = pi (red), φ = pi/3 (blue), φ = −pi/3 (green)
respectively. Peak heights have been normalized corresponding to the height for φ = pi.
The x and y coordinates are in units of 1/T .
topological objects. These zero modes display rich underlying topological
structures of the QCD vacua at finite temperatures, both at ∼ Tc, 1.08 Tc.
The profiles for three different fermion periodicity phases φ = pi,−pi/3 and
pi/3 are shown in red, green and blue colors respectively. The left panel repre-
sents a case at T ∼ Tc when the observed topological objects are reasonably
well separated in space, making their individual identification possible by
changing the periodicity phase of the valence (overlap) fermion operator.
The positions of the zero modes shift as the periodicity phases of fermions
are changed. This provides us an evidence that the objects we observe are
dyons. Next we study the vacuum profiles of two statistically independent
QCD configurations at 1.08 Tc, shown in the middle and the right panels of
Fig. 1 respectively. In the middle panel, the fermion zero-modes can be seen
to be localized at different spatial coordinates when the periodicity conditions
are changed, like in the previous configuration near Tc. The configuration
shown in the right panel shows a different limiting case where all three zero-
modes are superimposed at the same location.
We compared the observed eigenmode density with the analytic expres-
sion for the dyon zero-mode density ρ(x) = −1/(4pi2)∂2xfx(φ, φ) along four-
vector x as calculated in Ref. [30], with the function fx defined by(
D2φ + r
2(x, φ) +
3∑
m=1
δm(φ)
)
fx(φ, φ
′) = 2piδ(φ− φ′) . (1)
Here Dφ =
1
i
∂φ − τ and the function r2(x, φ) = r2m(x), if the fermion peri-
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odicity phase φ ∈ [µm, µm+1] i.e. lies between the two neighboring holonomy
phases. The delta function chooses dyons with different holonomy as evident
from its definition, δm = δ(φ − µm)|xm − xm+1|. In fact the long-distance
fall-off of the eigenvalue density ρ(x) along any direction x is controlled by
the holonomy phases µm and the distance between dyons. When dyons are
isolated and well separated from each other their long-distance fall-off is ex-
ponential in the difference between the periodicity phase φ and the nearest
µm.
Figure 2: The density profile of the quark zero-mode ρ(x) at φ = pi (black dots) for the
configuration at T = 1.08 Tc discussed earlier in the right panel of Fig. 1 is compared
to the analytic result with corresponding values for the Polyakov loop P = 0.4 (blue
dashed) and P = 1 (red dot-dashed). The x-coordinate is scaled by 1/T . The peak
shown in red (dot-dashed) has been scaled to fit the height of the lattice data, while
blue (dashed) peak uses the found normalization. The position of other dyons for the
blue profile are at (x, y, z) ≡ (0.13/T, 0.1/T, 0.0) and (0.1/T,−0.1/T, 0.0) and for the red
profile at (0.14/T, 0.0, 0.0) and (−0.14/T, 0.0, 0.0) respectively.
In the case of well separated dyons, comparison with analytic formulae is
straightforward and successful. But even in a strongly overlapping case, as
depicted in the right panel of Fig. 1, we propose here a method which could
be successfully used to distinguish between the two possibilities: whether it
represents an isolated caloron with trivial holonomy (all µ1,2,3 → 0, 〈P 〉 = 1),
or closely superimposed dyons corresponding to non-trivial holonomy. To
address this we show the eigendensity ρ(x) along a spatial direction x in
Fig. 2 with the other 3 coordinates fixed at its maximum. The lattice data
are compared to the density calculated analytically for both of these options,
for which the corresponding Polyakov loop values were chosen to be 〈P 〉 = 1
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(red curve) and 〈P 〉 = 0.4 (blue curve) respectively.
The zero-mode density is analytically calculated by placing the dyon as-
sociated with it at the origin. The height and shape of it are then controlled
by the location of the two other dyons, and the value of the Polyakov loop.
For 〈P 〉 = 1, the two other dyon profiles are infinitely wide with zero heights.
Therefore these only affect the size of the central dyon making it delocalized
along the τ -direction, as it should, since it reduces to the caloron solution.
For 〈P 〉 6= 1, the position of the other two dyons control not only the height
and τ -dependence, but also the direction along which the central dyon pro-
file is tilted. As the two dyons approach the main dyon, its corresponding
eigendensity becomes more localized along the τ -direction with an increasing
height. Moreover presence of a close dyon neighbor on any one of the sides
of the main dyon causes the zero-mode solution to tilt along that direction
with a larger slope, when we look at its one dimensional profile. If the zero-
mode solution is not symmetric about its maxima, it thus gives a stronger
indication that it represents a dyon and not a caloron.
The eigendensity profile measured on the lattice, shown as points in Fig. 2
is not symmetric. For 〈P 〉 = 1, the corresponding analytic solution is always
symmetric about the maximum; while we could tune the height fairly accu-
rately, it could not mimic the entire profile, specially the tails. For 〈P 〉 = 0.4,
the analytic profile of a dyon in presence of other localized dyons placed in
non-symmetrical way, mentioned in the caption, could mimic the lattice pro-
file quite well. We conclude that the long-distance fall-off of the density
profile measured on the lattice is in better agreement with the blue rather
than the red curve; so even the extreme case depicted in the right panel of
Fig. 1 represents three overlapping dyons, rather than a caloron with trivial
holonomy.
The robustness of the semi-classical correspondence to the QCD vacuum
is tested in another contrasting scenario at 1.08 Tc when the fermion zero
modes are well separated. In this case, the lattice result for the zero-mode
density ρ(x, τ) can provide a distinct indication for the distance between
dyons. The ρ(x, τ) for phase angle φ = pi/3 measured on the lattice is shown
in blue in Fig. 3. Again modeling this analytically using Eq. 1 with 〈P 〉 = 0
and placing the three dyons corresponding to φ = pi/3,−pi/3 and pi respec-
tively at coordinates (0, 0, 0), (0.2/T, 0, 0) and (−0.2/T, 0, 0), we obtained the
profile shown in red in the same figure which mimics the lattice result quite
well. While the shapes and the amount of overlap between the peaks varies
across configurations studied here, we have not found any instance were these
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Figure 3: Wavefunction density ρ(x, τ) at φ = pi/3 of the fermion zero-mode measured on
the lattice in the x − τ plane (blue, right) compared to the analytic formula (red, left).
The coordinates are scaled by 1/T .
could not be explained by the semi-classical theory of dyons.
3.1. The near-zero modes of the QCD Dirac operator
The study of near-zero modes of the QCD Dirac operator can provide
further insights on the interactions between topological constituents of QCD
vacuum. If the density of topological objects is small or they are fairly
dense but weakly interacting, in either case results in a very sparse near-zero
eigenvalue density.
Figure 4: Chiral density ρ5(x, y) profiles of the first near-zero mode for quark periodicity
phase φ = pi at Tc (left panel) and for φ = pi (middle) and φ = pi/3 (right panel) for
T = 1.08 Tc. These are the same QCD configurations whose zero-modes were shown
earlier in left and middle panels of Fig. 1. The coordinates are scaled by 1/T .
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We look into the first near-zero mode for a configuration at 1.08 Tc pre-
sented earlier in the middle panel of Fig. 1. In order to extract maximum
information out of the near-zero modes, their chiral densities are measured
at two different periodicity phases φ = pi and φ = pi/3 respectively, results
of which are shown in middle and right panels of Fig. 4. For φ = pi, we
observe one pair of closely located dyon and an anti-dyon. Changing to
φ = pi/3 a more richer picture emerges; the dominant dyon that contributed
to the zero-mode has a prominent peak with positive chirality and atleast
two distinct anti-dyon peaks are located near to it. These results have a
very nice physical interpretation. Since the underlying gauge configurations
were generated with anti-periodic Matsubara periodicity conditions for the
fermions, the fermion determinant naturally suppressed those configurations
which consisted of well separated L-dyons. In contrast, configurations with
well separated M -dyons (corresponding to the phase φ = pi/3 ) or MM¯ pairs
are not suppressed. Moreover it is expected that at T > Tc the M -dyons
are lighter than the L-dyons and hence are more numerous. We next look
at the near-zero mode profiles for the QCD configuration closer to Tc for
φ = pi whose zero modes were observed earlier in the left panel of Fig. 1.
The density of LL¯ dyons is believed to increase as one approaches Tc leading
to collectivization of near-zero modes of the QCD Dirac operator. This is
also what we observe in the left panel of Fig. 4. Unlike calorons, dyons
interact directly with the holonomy potential. Increasing density of dyons
near Tc is long suspected to provide a strong back-reaction to overcome the
perturbative Gross-Pisarski-Yaffe potential [31] for the Polyakov loop and
drive it towards its confining value. This first principles observation of col-
lectivization in realistic QCD configurations would eventually help towards
an understanding of the mechanism of confinement.
4. Summary
Unlike various versions of “cooling”, the fermion eigenmode method we
use reveals the underlying topological objects in QCD configurations without
any modifications. For the first time, we applied this to QCD configurations
with physical quarks and with chiral symmetry realized to a good precision
on the lattice. Our choice of valence overlap fermions with an index theorem
allowed us to study the properties of topological objects at temperatures Tc
and 1.08 Tc, focusing on its zero modes. Changing the Matsubara periodicity
phases of the (overlap) fermions to φ = pi, pi/3,−pi/3, we identified all three
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types of dyons by observing their locations and their density profiles. Though
use of different temporal periodicity phases of the fermion operator to probe
the presence of dyons is not new [14], our detection strategies are distinctly
different. In contrast to Ref. [14], where dyons are identified as local topolog-
ical charge clusters, constructed out of a lowest few eigenvalues and vectors of
valence Dirac operator with different temporal boundary phases, we actually
monitor the global profiles of the exact fermion zero modes and its shift in
position due to the change in the periodicity phases. We have shown that
the fermionic zero-modes method is perhaps the best to extract the topo-
logical content of QCD vacuum. If the chiral symmetry of the fermions are
preserved to a very high precision on the lattice, it is possible to identify the
topological objects using them even in the presence of strong quantum and
thermal fluctuations near Tc. The other advantage of this method is that no
gauge fixing is required to detect dyons which carry both color electric and
magnetic charges.
We extensively studied different possible situations, ranging from widely
separated dyons to fully overlapping ones. By quantitatively comparing their
spacetime profiles with the available analytic formulae for well separated and,
most importantly, partially overlapping dyons, we found in all cases a good
agreement, with deviations not exceeding ∼ 10-20% level. This is remarkable
accuracy for a semi-classical theory, taking into account the fact that the
typical action per dyon is S ∼ 3-4 ~ and naively, relative fluctuations are
expected to be O(1/S). Our work thus provides a first evidence that the
semi-classical description of dyons is possible already above Tc, in a deeply
non-perturbative regime of QCD.
Furthermore we could extract rich qualitative information about the den-
sity and interactions between dyons from a detailed study of chiral density
profiles of quark near-zero modes. At Tc, the density of L-dyons increases and
the attractive interaction between LL¯ pairs lead to collectivization of near-
zero modes. As the temperature is increased, the density of dyons decreases
resulting in a sparse near-zero eigendensity of the QCD Dirac operator. We
are continuing this work towards a more quantitative measurement of the
density and correlations between the dyons in a forthcoming publication [29].
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